With respect to a triangle of referen ce A IA 2A3 • each point P in the plane of the triangle . has unique area coordinates: P = (b l • b, . b3 ) 
In what follows there is-no loss of generality in assuming that Po is in the interior of A lA~a. Near A I we have
Let al denote the interior angle at A I. Then IH2' H31 = 8 1 sin al. 3 The formula for cos al in the
In order to simplify this equation we shall need a few definitions and formulas. Define
Note that
and that
Since (10) we have
Now return to eq (6). Multiply through by 4a~a5, and use eqs (7) through (11) to simplify.
Generally:
f(rr, r~, r5) = rl-8~.
k= 1, 2, 3. P= [d " d2, d3] if and only if f(di, d~, dO = 0 (f defined in (12». In that case P = (f.(di, d~, dO, f2 (di, d~, d~), fa(di, d~, dm where fk(xI, X2, Xa)= af{xI, X2, Xa)/aXk for all k= 1,2,3.
F or clarity, we write out the fk:
Note that (14) implies (17) Also note that
In the process of proving the last part of the theorem, we shall need the following computations.
The locus of points with ba = 1 is a line through Aa parallel to A I A 2 • Naturally if P = (b" b2 , ba)
The area of PAzAa is tJ. ·1-b21. It is also t a ld3 sin a2.
Using the cosine formula in that triangle yields (20) Using the cosine formula in the triangle AIAaP we have
Now use eq (18) with each Xk = d% and t = d; = a;b~. For k = 1 we have (using (20) and (21)):
(CI + C2 = 2a~, then add the three symmetric formulas, and use eq (14)), we have as desired.
Similar computations prove h (di,d;,d ;) = b2 and (as a check), h (d~,d~,d5) = 1 = b3• The case b2 :s; 0 is handled similarly to prove the last part of the theorem for the case b3 = l.
Return to eq (12) and solve I (XI ,X2 ,X3) = 0 for X I. An intermediary stage is the equation (23) The r.h.s. is re cognized to be F (ai ,X2,X3) . Let Xk = d~ for all k = 1,2,3, and use (4), to get
Set Ik= A(d¥,d~,dn for all k= 1,2,3 . . Equations (3) An interesting implication for Po is immediate. Use eq (18) with Xk = r% for all k= 1, 2, 3 and t= I(r~, r~, rV as before. The result is Id8i, 8~, 85) = Ik(r1, r~, rV for all k= 1,2,3. In other words the area coordinates for the radical center of three circles with centers at A I, A 2 , A 3 and radii rl, r2, r3 respectively are given by (24) Of course, the distance coordinates are given by
If we wish to find the (0 to 8) circles simultaneously tangent to the three circles used above, we can do so through I, to obtain four quadratic equations whose solutions solve the problem.
The point is that a circle of radius r which is simultaneously tangent to all three circles has a center (26) with each Ek=± 1 depending on whether the tangency is "outside" (E= 1) or "inside" (E=-l). Simplifying (27) we get a quadratic equation in r (with constant term J(ri, r~, rV). If r is a negative root of that equation, we simply "assign" -r to -El , -E2, -E3 since Ekr = (-EIe) (-r), k = 1, 2, 3. Thus we can cover all solutions with just four triples of E'S, no two of which are negatives of each other.
We end this note with a list of formulas connecting the area and distance coordinates of a point
The formulas are given without proof, but are easily derived, with extensive use of the formula for the distance between P and P'= (b;, b~, b~):
(35 ) (36) or symmetric combinations:
k=1 (except at a vertex). Other relations are
etc.
etc.
(46)
The pedal triangle of P, which has side lengths akdk/2R, k= 1,2,3, has area LlIGp l/4R2; i.e., 
